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Hybrid Equations of Motion for Flexible Multibody Systems
Using Quasicoordinates

L. Meirovitch* and T. S temple^
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

A variety of engineering systems, such as automobiles, aircraft, rotorcraft, robots, spacecraft, etc., can be modeled
as flexible multibody systems. The individual flexible bodies are in general characterized by distributed parame-
ters. In most earlier investigations they were approximated by some spatial discretization procedure, such as the
classical Rayleigh—Ritz method or the finite element method. This paper presents a mathematical formulation for
distributed-parameter multibody systems consisting of a set of hybrid (ordinary and partial) differential equations
of motion in terms of quasicoordinates. Moreover, the equations for the elastic motions include rotatory inertia
and shear deformation effects. The hybrid set is cast in state form, thus making it suitable for control design.

I. Introduction

A PROBLEM of current interest is the dynamics and control of
multibody systems. Indeed, a variety of engineering systems,

such as automobiles, aircraft, rotorcraft, robots, spacecraft, etc., can
be modeled as multibodies. In many engineering applications the
bodies can be assumed to be rigid.1"11 In many other applications,
the flexibility effects have to be included.12"23 For the most part,
flexible bodies have distributed mass and stiffness properties, which
is likely to cause difficulties in producing a solution. As a result, it
is common practice to approximate distributed systems by discrete
ones through spatial discretization, which can be carried out by
means of the classical Rayleigh-Ritz method or the finite element
method.24 The discretization process amounts to elimination of the
spatial coordinates. The equations of motion for the discretized sys-
tem are derived quite often by the standard Lagrangian approach. For
more complex motions, an approach using quasicoordinates seems
to offer many advantages.25"28

Quite recently, there has been some interest in working with dis-
tributed models as much as possible, thus avoiding truncation prob-
lems arising from spatial discretization. Consistent with this, hybrid
(ordinary and partial) differential equations of motion have been
derived for flexible multibody systems29'30 using the approach of
Ref. 24. Hybrid equations of motion in terms of quasicoordinates
have been derived for the first time in Ref. 25 for a spinning rigid
body with flexible appendages and generalized later31 for a flexible
body undergoing rigid-body and elastic motions. This paper extends
the general theory developed31 to systems of flexible multibodies.
In addition, the equations for the elastic motions include rotatory
inertia and shear deformation effects.

II. Kinematics
We are concerned with structures consisting of a chain of artic-

ulated bodies / (/ = 1, 2 , . . . , N), which implies that two adjacent
bodies i — 1 and / are hinged at O/ (Fig. 1). To describe the motion of
the system, it will prove convenient to conceive of a set of body axes
xtyiZi with the origin at O/ and attached to body / in undeformed
state. The bodies are assumed to be slender, with axis jc/ coinciding
with the long axis of the body. As the body deforms, jc/ remains
tangent to the body at 0,. At the same time, we consider another
set of body axes Jc/y/zJ, referred to as intermediate axes, with the
origin at O/ and attached to body / — 1 so that x[ is along the long
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axis. We will also find it convenient to introduce an inertial frame
of reference XYZ with the origin at O.

We denote the position vector of point O/ relative to the origin O
by Roi = [Xoi Yoi Zoi]T. Then, we denote the position of a typical
point PI in the undeformed / body relative to O/ by r/ and the elastic
displacement of PI by it,-. Hence, the radius vector from O to Pj in
displaced position is simply

t = C*Roi (1)

where C* is the matrix of direction cosines of axes Jt/y/z/ with
respect to axes jc/_i y /_ iz /_ i , and note that the vector Roi is in terms
of components along the body axes -x,-_iy;_iz/-i and the vectors /?/ ,
rl r , and u/ are in terms of components along the body axes .x/y/z/.

We consider here bodies in the form of bars with the long axis ;c,
passing through Of and 0/+i when the bars are undeformed. We are
concerned with bars undergoing torsion about axis jc/ and bending
about axes y/ and z/ as well as shearing distortion in the y/ and z/
directions. Then, the vectors r/ and it/ can be written in the more
explicit form

n = [xi 0 Of (2a)

ut (xt , 0 = [0 uyi (Xi , 0 uzi (Xi , Of (2b)

The radius vector Roi depends on the motion of the preceding / — 1
bodies in the chain. In particular, we can write the following recur-
sive relation:

Roi = i-iVi-!, 0 i = 2, 3, . . . , N (3)

Body i+1

Body 1

.

Fig. 1 Flexible multibody structure.
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where //_i is the length of body i - 1. Note that R0i = R0i(t) is
simply the radius vector from O to the origin O\ of the body axes
of the first body in the chain.

At this point, we propose to define the rotational motions. In
the first place, it will prove convenient to introduce a set of body
axes fjij/?/ attached to a typical beam cross section originally in
the nominal position *,-y/Zi and moving with the cross section as
body i deforms. In this regard, note that f,-_ i (/,-_i)*7/_ i (//_ i)&_i (//_i)
coincide with Jt/y^zJ. Then, denoting the angle of twist by i/sxi and
the bending rotation angles by i/syi and tyzi, we conclude that axes
f/ rji ?/ experience the angular displacement

>/ (*/ , 0 = , Of (4)

with respect to axes jc/y/z/. On various occasions throughout this
paper, we encounter skew symmetric matrices derived from vectors.
As an example, if a typical vector r has components Jt, y, and z, then
the associated skew symmetric matrix has the form

0 -z y'
z 0 -Jt

-y x o
(5)

In view of this definition, the matrix of direction cosines of £/?
relative to Jt/y/z/ can be shown to have the expression

(6)

in which / is the 3 x 3 identity matrix, and we note that Eq. (6)
follows from the assumption that the components of ̂  are small.
Next, we assume that axes jc/y,-z,- are obtained from axes .x-y-zf
through the rotations 0/y, where j can take the values 1 or 1, 2 or
1, 2, 3, depending on the nature of the hinge at O, and denote by
Ci(0i) the matrix of direction cosines of jc/y/z/ relative to x-y-z'^
where 0/ = [On 9i2 0/3 ]T'. Then, the matrix of direction cosines of
axes Jt/y/z/ relative to axes Jt/_iy/_iz/-i is simply

c* = <:/£/_! (/,_!, o (7)

From kinematics, the velocity vector of the typical point Pt in
displaced position in terms of the rotating body axes Jt/y/z/, has the
expression

Finally, letting u/ be the angular velocity vector of axes jc,-y/z/ rel-
ative to axes x'jy'-z'i, in terms of jc/y/z/ components, the angular
velocity vector of jc/y/z/ is given by the recursive formula

a,- = c;n/_i (//_i, o + w/
= c;[nrtl-_i + *\/-i(//-i, 01 + w/ i = 2, 3, . . . , N (13)

where the second equality follows from Eq. (12).

III. Standard Lagrange's Equations for
Flexible Multibody Systems

The motion of our multibody system is described in terms of rigid-
body displacements of sets of body axes and elastic displacements
relative to these body axes. As a result, the equations of motion
are hybrid, in the sense that they consist of ordinary differential
equations for the rigid-body displacements and partial differential
equations for the elastic displacements. The equations of motion can
be derived by means of the extended Hamilton principle,32 which
can be stated in the form

/"
/

Jt\

__
(8L + SW) dt = 0, 8q = 0, Sut = <$V; = 0

at t =
where

L = T -V

(14)

(15)

is the Lagrangian, in which T is the kinetic energy and V is the
potential energy, and 8 W is the virtual work. Moreover, q is the rigid-
body displacement vector, and w/, i/>t (i = 1 ,2 , . . . , N) are the
elastic displacement vectors introduced earlier. Hence, before we
can derive equations of motion, we must derive general expressions
forT, V, andSW.

Taking the ;c, axis to coincide with the centroidal axis of the
undeformed beam, the kinetic energy can be shown to consist of
two parts, one due to translations and one due to rotations.24 Hence,
using Eqs. (8) and (12), the kinetic energy can be expressed in the
form

J^ /•'••= £/ fl
i = i Jo

dXi (16)

where

= Voi + (r/ + M/fftr/ + v,- i = 1, 2 , . . . , N (8)

where V0/ is the velocity vector of the origin O/, Hr/ is the angular
velocity vector of axes Jt/y/z/ relative to axes XYZ, and

(9)

is the elastic velocity vector relative to Jt/y/z/, all in terms of Jt/y/z/
components. We note that the velocity vector of point O/ can be
written in the recursive form

= C*{y0)/_i + [r/_i (/;_!) + W/_ i ( / /_i , Of ^r,/-l

+ v/_i (//_i, 0} i = 2 , 3 , . . . , ^ (10)

Moreover, introducing the notation

fte/(jc/, 0 = ^/te, 0 i = 1, 2 , . . . , N (11)

the angular velocity vector of the cross-sectional axes £/??/£/ relative
to the inertial space is simply

= L
2(pivoivoi + n^-a/ + Pi*?* + 2vj!fnri. + 2PivT

oiui

+ 2piVT
oiui+2tir

ri(Siui + yd^.) (17)

is the kinetic energy density of member i, in which p/ is the mass
density and

Jti = Ji + Jd

is the total moment of inertia density matrix, where

Ji = Pi(n

(18)

= Pi zi -uyiuzi

y i z i

(19a)

and

«-(jci, 0 (12) Jci = di2ig[JXiXi Jyiyi Jzizi] (19b)
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where, using Eqs. (21-24),

Fig. 2 Rotations and shear deformations of a typical differential
element.

in which , Jyiyi , and /z/z/ are cross-sectional mass moments of
inertia densities, and note that, because the elastic deformations are
relatively small, they are approximately equal to J^/ , J^/ and /^/ ,
respectively. Moreover, 5/ is obtained from

Si = (20)

which is recognized as the first moments of inertia density vector.
Assuming that differential gravity effects are negligibly small, the

potential energy reduces to the strain energy. As indicated earlier,
the elastic members undergo torsion about ;c/ and bending about yi
and zi as well as shearing distortions in the yt and z/ directions. Re-
ferring to Fig. 2, we conclude that the relations between the bending
displacements uyi and uzi, the bending angular displacements i/syi
and T/^/ , and the shearing distortion angles fiyi and /3Z/ are

u'yi = \lrzi + pzi (2 la)

u'zi = -^ - pyi (21b)

where primes denote partial derivatives with respect to *,-. From
mechanics of materials, the relation between the twisting moment
MXi and the twist angle V^/ is simply

Mxi = (22)

where kxi is a factor depending on the shape of the cross section
and G/ Ixi is the torsional rigidity, in which G/ is the shear modulus
and Ixi is the polar area moment of inertia about axis Jt/. Moreover,
the bending moments are related to the bending rotational displace-
ments by

Myi = Eilyii/fyj (23 a)

Mzi = Eilzi^zi (23b)

in which E\ is Young's modulus and Iyi and Izi are area moments
of inertia about axes parallel to v/ and z/, respectively, and passing
through the center of the cross-sectional area, and the shearing forces
are related to the shearing distortion angles according to

Qyi = kziGiAip

Qzi = -kyiGiAi

(24a)

(24b)

where kyi and kzi are factors depending on the shape of the cross-
sectional area, G, is the shear modulus, and A/ is the cross-
sectional area.

The strain energy can be expressed as

V
N /./,-

= £/ *.<*
/ = i ^o

(25)

zi^zi + Qyi/3zi - Qzi/3yi)

+ kyiGiAi(u'yi - fe) (26)

is the potential energy density for member i.
Next, we wish to develop an expression for the virtual work due

to nonconservative actuator forces and torques. Using the analogy
with Eqs. (8) and (12), the virtual work can be written in the form

i = 2

f T8u mT8 }dx 1 +
Jo J

(27)

in which/- and m/ are distributed actuator forces and torques acting
over the domain /, M*oi are torque actuators located at points O/ and
acting on both members i — 1 and /, for i = 2, 3, . . . , N, 8R* is
the virtual displacement vector of point Pit <50* is the virtual rota-
tion vector of axes f/ ty?/ , 80* is the virtual rotation vector of axes
XijiZi relative to axes x-y-z'i, 8R*oi is the virtual displacement vector
of point Oh and 50^ is the virtual rotation vector of axes Jt/y/z,
relative to axes XYZ, where all of these vectors are in terms of com-
ponents along axes jc/y/z,-, and asterisks indicate quasicoordinates32

and associated forces and torques. Note that the itrmffuJSS^ was
omitted from 8R* on the basis that it is second order in magnitude.
Moreover,

(28a)

M*. - (28b)

are, respectively, resultant forces and torques acting on member /.
Before proceeding with the derivation of Lagrange's equations

by means of the extended Hamilton principle, Eq. (14), it is ad-
visable to identify a set of generalized coordinates capable of de-
scribing the motion of the system fully. From Eq. (3), we conclude
that the motion of only one of the points O, is independent. We
choose this point as O\, so that we retain only R0\(f) for inclu-
sion in the set of generalized coordinates. On the other hand, be-
cause Oi represent hinge points, the rigid-body rotation vectors 0/ (t)
(i = 1, 2 , . . . , N) are all independent. Similarly, the nonzero com-
ponents of the elastic displacement and rotation vectors Uj (x{, t) and
vl>i(Xi, t) (i = 1 , 2 , . . . , N), respectively, are also all independent.
It will prove convenient to introduce the rigid-body motion vector

0[(0 (29)

so that we propose to derive a vector Lagrange ordinary differential
equation for q(t) and N pairs of vector Lagrange partial differential
equations for M/ (;c/, t) and V>/ (jc,- ,00' = 1 , 2 , . . . , N). To this end,
we wish to express the Lagrangian in general functional form, and
we note that the Lagrangian contains not only q, u\, and T/J,- but also
time and spatial derivatives of these vectors. Moreover, we observe
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from Eqs. (3), (7), (10), and (13) that the Lagrangian contains terms
involving nf (//, 0, «i(/i, 0» ^/(J/, 0» and V>/(J /> 0- Such terms will
contribute to the dynamic boundary conditions accompanying the
partial differential equations for «/(*/, t) and V>/(*/> 0- In view of
this, we express the Lagrangian in the general form

L = L[q, q, «/, iij, uit t/>;, V>J, < /> / ,« / ( / / , 0

«*(/,-, 0,^(/i,0,^(/i, 01 (30)
The extended Hamilton principle, Eq. (14), calls for the variation

of the Lagrangian, which can be expressed symbolically as

(31)

v/here L, = 7/ — V/ is the Lagrangian density for body i. Moreover,
(dL/dq)T represents the row matrix [9 L/30i dL/dq2 • • • dL/BqNR],
etc., where A//? is the total number of independent rigid-body degrees
of freedom. Consistent with the generalized coordinates used, the
virtual work has the form

___ N /./,•

8W = QT8q +

dt \ 3q dq

Then, invoking the arbitrariness of the virtual displacements, we
obtain the system Lagrange equations of motion

> (34a)

0 < jc/ < // (34b)

(34c)

(35a)

= 1,2, . . . , 7 V (35b)

where zi,- and V?, must be such that the equations

3r3B,(/ , .o

x8u,(li,t) =

3 [" 9L

'

9L

« = 1,2,

(35c)

(35d)

, 0 />/ (^ ' 0]

where we write the generalized force vector Q in the form

fi = [F[ M[ M2
r ... M£f

(32a)

(32b)

and note that FI is a generalized force and M\ , . . . , M^ are gen-
eralized torques. They can all be related to the actuator forces and
moments, but we postpone further discussion of this subject and the
derivation of specific formulas for I// and \£, until later.

Introducing Eqs. (31) and (32) into Eq. (14), carrying out the usual
integrations by parts, and recalling that the virtual displacements
vanish at t = t\, t2, we have

" ^ '

Ki(/,-,0

3 \ 3L

+ Ut

_l_ \|>.

3L

(33)

= 0

= 0

(35e)

(35f)

must be satisfied. Recalling that the body axes Jt/y/z/ are embedded
in the body at */ = 0, we conclude that satisfaction of Eqs. (35) is
guaranteed if

iff. (0,0 = 0 i = 1 ,2, . . . J

^.(0,0 = 0 i = 1 , 2 , . . . , .

*/=/,•

dL 3L

3a'»

w»

Xi=li

i = l,2,...,N-l

-0

-0

(36a)

(36b)

(36c)

(36d)

(36e)

(36f)

Equations (34a) represent ordinary differential equations for the
rigid-body motion and Eqs. (34b) and (34c) represent partial dif-
ferential equations for the elastic motions. Moreover, Eqs. (36)
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are recognized as the boundary conditions accompanying the par-
tial differential equations. Although Eqs. (34a), (34b), (36a), (36c),
and (36e) on the one hand and Eqs. (34c), (36b), (36d), and (36f)
on the other hand have the appearance of being independent sets
of equations, they are in fact simultaneous. They constitute a hy-
brid (ordinary and partial) set of differential equations governing
the motion of the multibody system shown in Fig. 1.

IV. Lagrange's Equations for Flexible Multibody
Systems in Terms of Quasicoordinates

Equations (34) seem very simple, but they are not. The reason
for this is that the kinetic energy is only an implicit function of q
and q and not an explicit one. The kinetic energy is an explicit func-
tion of Voi and a;/, which are commonly known as derivatives of
quasicoordinates.32 Actually, the kinetic energy is an explicit func-
tion of 17/, but fi, is related directly to a;,-, as can be seen from
Eq. (13). As shown in Ref. 31 for a single flexible body, hybrid
Lagrange equations of motion in terms of quasicoordinates are con-
siderably simpler than the standard Lagrange equations. We propose
to show in this paper that the same is true for multibodies.

Recalling definition (29) of the rigid-body displacement vector
q(t), we can rewrite Eq. (34a) in the more detailed form

3L
(37a)

(37b)

The vectors R0i,R0i and FI are in terms of components along the in-
ertial axes XYZ. Moreover, the components of the symbolic vector
0,- represent rotations about nonorthogonal axes leading from x-y-z'i
to XiyiZi and the components of M/ are associated moments. An ex-
ample of such rotations are Euler's angles.32 As the quasi-velocity
counterpart of the generalized velocity vector q(t), we choose

and we note that w does not equal the time derivative q of the dis-
placements. We also note that every three-dimensional vector en-
tering into w is in terms of the corresponding orthogonal body axes
jc/ yt Zi. The relation between the velocity vector V0\ in terms of body
axes and the velocity vector R0\ in terms of inertial axes is simply

= C\R0\ (39)

where C\ is the matrix of direction cosines first introduced in Sec. II,
and that between the velocity vector a;/ in terms of body axes and
the Eulerian-type velocities 0, can be written as

uji = DiOi i = l , 2 , . . . , # (40)

where D/ is a given transformation matrix (Ref. 32). Equations
(39) and (40) and their reciprocal relations can be expressed in the
compact form

w = AT(q)q

q = B(q)w

where

A = block-diag[cf

B = block-diag[Cf

DT
2 *>T»]

(41a)

(41b)

(42a)

(42b)

Equations (37) postulate a Lagrangian in terms of generalized coor-
dinates and velocities, Eq. (30), when in fact the Lagrangian defined
by Eqs. (15-17), (25), and (26) is in terms of generalized coordi-
nates and quasi-velocities. To distinguish between the two forms,
we define

(43)

We propose to obtain Lagrange's equations in terms of quasico-
ordinates by transforming Eqs. (37). To this end, we use the chain
rule for derivatives with respect to vectors and consider Eq. (39) to
obtain

3L 3(C{Rol)T 9L* 9L*

3L 9L*
3R0\ 3R0\

(44a)

(44b)

But, it is shown in the Appendix that the matrix of direction cosines
Ci and quasi-velocity vector a;/ satisfy the relation

(45)

so that differentiating Eq. (44a) with respect to time, we have

~ T ~ 9L* - d
dt\3R0 dt

(46)
Then, inserting Eqs. (44b) and (46) into Eq. (37a) and premultiplying
by Ci, we obtain the translational Lagrange equations in terms of
quasicoordinates

PL*
BVol

9L*
I9tf^

where

(47)

(48)

is the resultant force acting on body 1 in terms of body-axes
components.

As far as the rotational motion is concerned, we consider first
the equations for body 1. Using the chain rule for derivatives with
respect to vectors once again and using Eq. (40), we obtain

9L
90i 901

= Dr^_ (49a)

3LL=3L^_ d(CiR0i)T

3Vo

3L*
(49b)

Moreover, Eq. (A26) from the Appendix, with a replaced by R0i
yields the relation

(50)

(51)

and Eq. (A24) shows that

901

Hence, using Eqs. (49-51), we can write

— ( 3L\ - —— - \ ' T - d^ifr)7"! ̂ L.
di \~30~J ~ ~30~i = I 1 ~ 901 J 9^"

Inserting Eq. (52) into Eq. (37b) and premultiplying the result by
D^T , where the superscript — T denotes the inverse of the transposed
matrix, we obtain the rotational Lagrange equations for the first body
in terms of quasicoordinates,

_ 3L*
^=Mt (53)
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where

f j = D~TM i (54)

is the resultant torque acting on body 1 in terms of body-axes com-
ponents. The equations of motion for the remaining bodies can be
obtained in the same manner, except that Voi (i = 2, 3 , . . . , N) are
not independent, as can be concluded from Eqs. (10). Hence, from
Eq. (53), the remaining rotational Lagrange's equations in terms of
quasicoordinates are

dt

where

M* =

(55)

(56)

Equations (47), (53), and (55) can be cast in a single matrix equa-
tion. Indeed, recalling Eqs. (29), (38), (41b), and (42b), the rigid-
body Lagrange equations of motion in terms of quasicoordinates
can be written in the compact form

<*>
where the asterisk in L* was dropped for convenience. Moreover,

H =

" a>i
Voi

0

_ 0

0

<HI
0

0

0 -
0 -

W2 •

0 •

- o -
• 0
• 0

• £>N _

(58)

and

(59)

The hybrid set of equations of motion is completed by adjoining
to Eq. (57) the partial differential equations for the elastic mo-
tions [Eqs. (34b) and (34c)] and the associated boundary conditions
[Eqs. (36)].

V. Explicit Hybrid Equations of Motion for
Flexible Multibody Systems

Using Eqs. (16) and (17), we can write the kinetic energy in the
form

r f1'
miVoiVoi + ntiJtiftri + / PiUfUifoi

L Jo

/

k / rk \
i>*JciJ>i*Xi + 2Vj ( STnri + / piUitei )

\ Jo /

20^ I (SM + Jcrti) d x - \ (60)

and we observe that T does not depend explicitly on the quasi-
velocities V0\ and a;/ (/ = 1 ,2 , . . . , yY), but on Voi and firi- (/ =
1,2, . . . , N). To resolve this inconvenience, we make use of the
discrete step function y/, defined by

Yi =
0 if i =-l,-2,-3,...
1 i f / =0,1,2, 3 , . . . (61)

and then make repeated use of Eqs. (10) and (13) to establish the
relations

ej(lj, 0] (62a)

7 = 1

AT

ej(lj, 01

(62b)

(63a)

<5i/>7-(0,<

!»;((/,0

(63b)

(63c)

(63d)
in which Cy is simply the matrix of direction cosines of axes x, y,z,
with respect to axes XjyjZj, defined for all indices i, j between 1
and N, and consequently

ctj = 0 C* J - -^ < ' - N

* = y + i

C* = / <N

(64a)

(64b)

(64c)

(64d)

The other quantities appearing explicitly or implicitly in Eqs. (62)
and (63) are given by

MCI = [// Uyi (// , 0 MZ/ (// , t)]T

/-i

(65a)

(65b)

/-7--l^;(/;, 01 (65c)

. 0]

(65d)

a;, = (-nri + c*nrj)c;j
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We also note that C*; depends only on 9k for min(/, 7) < k <
max(/, 7) and on */>k(lk, 0 for values of k satisfying min(z, 7) <
k < max(/, 7). Hence, using Eqs. (A26) and (A27), we can derive
the relations

provided a does not depend on 0kj and

(66a)

(66b)

provided a does not depend on 1/^(4,0- Some other relations that
will prove useful are as follows:

-±=0

307.

^=0

r

3V7".

3VT

(67a)

(67c)

(67d)

(67f)

(67g)

v7(/7, 0]

(68d)

= cr. (68e)

(68f)

(68g)

Then, using the chain rule for vectors when needed, we obtain the
momenta

dL * 3 Li

o r rh ~o L/i ~ I *>

ri JQ

For future reference, we also indicate that

l/^=mi.v, + sr«n.+ r
dt\BVoiJ l m l JQ

_d /_9Z±\ . - . /•'•' i ..

\ ri / Jo

where

/•'''
Jti = Pi[

Jo

and
AT T A^

E Z)(
7 = l L « ' = l

+E

Af / /,/,-

2 c'*< /i = l \ JO

^ f 3L
I] ^H ̂ r
/ = ! L dV°'

(69a)

(70a)

(70b)

d,vi (71a)

(71b)

n / «djcr,^

!„• — V0i I Piitidxi
Jo

l +« / ) r + (^1+S,)ind;

(72a)

(72b)

c,- (72c)

M/y.O

e7(0. 0

(73a)
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= E (m'r'

N [ N

E

, /) = Vi(xit t) i = l,2,...,N

, 0 = nd to, 0 1 = 1,2, . . . , AT

Pvoi = -&ipvoi

, +M*oi i = 2, 3, . . . ,

(76c)

(76d)

(76e)

(76f)

(76g)

v '' J A

k=\

kCfc'O
- nrxi vozi

*, o

"tVi

(mirT.

We also define equivalent forces and moments
BL

M« = ̂ Wj = °7!

and the remaining pertinent terms

3L ^

9L
• + •

9L,-

9Z,

9L
+ •

an

(74a)

(74b)

(75a)

(75b)

(75c)

^^^) 9y- dnejdj.t) anr,-
in which some of the partial derivatives are given by Eqs. (67).

Finally, adjoining the kinematic relations expressed by Eqs. (9),
(11), (39), and (40) and inserting Eqs. (68-70) into Eqs. (34b),
(34c), and (57), we obtain the hybrid state equations in terms of
quasicoordinates:

Roi = C\V(A (76a)

0i = D:~luji 1 = 1,2, . . . ,^ (76b)

(76h)

rjc; Voyi — Qryi Voxi ~^~ xi ^rxi **rzi

>/(^^ + ^ryi) + A:ZI.G/ A/CM;,. +

(76i)

xi)' = mxi (76j)

p' - wy/

(76k)

(761)

The associated boundary conditions [Eqs. (36)] are given by

i/i. (0, t) = 0 i = 1, 2 , . . . , N (77b)

9L,-'

i = 1,2, . . . , 7 V - 1 (77c)

9L, dL

= 0

and the generalized forces and torques are given by
N

(77d)

(77e)

(77f)

(78a)

(78b)

i = 2, 3, . . . , N (78c)

(78d)
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i = 1,2, . . . ,#- 1 (78e)

where we have made use of Eqs. (27), (32a), (63c), and (63d).

VI. Summary and Conclusions
In recent years, there has been an increasing interest in deriving

the equations of motion for flexible multibody systems by treating
the mass and stiffness of the bodies as distributed parameters. The
equations of motion are generally derived by means of the extended
Hamilton principle, leading to a hybrid set of equations, where hy-
brid is to be taken in the sense that the rigid-body translations and
rotations of the bodies are described by ordinary differential equa-
tions and the elastic motions are described by partial differential
equations with appropriate boundary conditions. In earlier investi-
gations, the rigid-body rotations were described by Eulerian-type
angles, which tend to complicate unduly the equations of motion,
unless the motion remains planar.

This paper presents a mathematical formulation for flexible multi-
bodies in terms of quasicoordinates, which permits the derivation
of the equations for general rigid-body motions with considerably
more ease than by using Eulerian-type angles. As an added feature,
the equations for the elastic motions include rotatory inertia and
shear deformation effects. The equations of motion are cast in state
form, making them suitable for control design.

Appendix: Matrix Derivatives
Derivative Rules

If A = [Aij] is an m x n matrix, then we define the partial
derivative of A with respect to a scalar r to be the m x n matrix
3A/3r = [3Aij/3r]. If A is a function of time t, then the derivative
of A with respect to t is denoted by A = dA/dt = [dA///df]. Let
B = [Bij] be an M x N matrix. Then, the derivative of a matrix
with respect to a matrix, 3 A/3B, is the mM x nN matrix defined by

r dA

3A

3A -i

dA
3B2

3A

3B->2N

3A 3A

(Al)

Furthermore, let L be a scalar and / = [fi • — fm]T, q =
[ # ! • • • QnV', z = [z\- 'Zr]T be column matrices. Then 3L/3q
is a column matrix, 3fT /3q is an n x m matrix, and 3f/3qT =
(3fT/3q)T. The chain rules for differentiation have the form

9£
dz

—~dz

a^fir
3z 3q

3qT 3L
~fc~3q

or
3zT 3qT 3zT

3L 3q3L
~w

Moreover,

f = — = 'J ~ dt ~ 3q?q

3qT = A or

dq

provided A does not depend on q.

d(Aq)T

dq

= Aq

(A4)

(A5)

(A6)

Proper Orthogonal Matrices
Throughout this paper, we encounter proper orthogonal ma-

trices C, which are functions of three independent coordinates
9 = [9i9203]T '. These matrices can be identified as matrices of
direction cosines of one coordinate system £^£3, with correspond-
ing unit vectors b\ , b2,b^, with respect to another coordinate system
*i*2*3» w^h corresponding unit vectors n\, n2, w3. Hence, letting
C = [Ctj], the entries C/7- can be expressed as

Cij=bi-nj

which implies that
3

J = L 2, 3

(A7)

(A8)

At this point we wish to establish a relation between the body axes
components of the angular velocity a; of coordinate system £1^2 £3
with respect to coordinate system Jt 1*2*3 and the time derivative of
Cij with respect to coordinate system x 1*2*3. First, recall32 that u>
is uniquely characterized by

i = 1,2,3 (A9)

where in this case the "dot" requires holding n\, n2, n^ constant.
Then, taking the time derivative of Eq. (A7) and using Eqs. (A8)
and (A9), and some identity involving scalar and vector products,
we obtain

tj =bt -HJ = (w • Hj = (hi X H j ) ' LJ

(A10)

Now we observe that (#/ x bk) - w, where /, k = 1,2,3 are merely
the entries of the 3 x 3 matrix

^3 • U3 ~b2 • I

0 b{ •(
-b\- (jj 0

0 &>3 — 0)2

a>3 0 coi
fj)i -o)\ 0

(All)

where [o)\ o)2 &>3]r are the £^£3 components of cj, and we have
used the fact that b\,b2,b^ form a right-handed set of unit vectors.
Inserting Eqs. (All) into Eq. (A10), we obtain

3

Cij — y ^o)ikCkj (A 12)

which can be expressed in the matrix form

C = o)TC (A13)

The relationship between a; and 9 has the form

u, = D(9)9 (A14)

We now propose to derive some relation between D and C. In the
first place, taking the partial derivative of CCT — / with respect to
0/, we obtain

3CT 3C T 3CT ( 3CT\T

~W + ~W- ~W+\C^0~) =° ' = 1 '2 .3
(A15)

from which we conclude that the 3 x 3 matrix C(3Cr/3ft) is skew
symmetric. We denote the matrix by

Si = C- (A16)
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where S/ is obtained from the column matrix S,- = [Su S2t S^]7

in the usual manner. We now calculate the time derivative of CT in
the form

The companion formula

^-^-^

= CT nTs/0, = CT([S{ S2 S3]0) = CT(S6) (All)
\« = i /

Comparing Eqs. (A 13), (A 14), and (A 16), we conclude that

S = [Sl S2 S3] = D (A18)

Equation (A 17) relates C and D in an implicit manner.
Next, we wish to derive an expression for D. Taking the partial

derivative of Eq. (A 16) with respect to Oj and replacing £/ by D/,
we obtain
aA = dc 3CT 32cT

 =
" + ~

/ ) 0 / ) J l fi/3 Q/3 -^ut/y OC/j (7C/j (/(//

Interchanging i and 7 in Eq. (A 19), we have

Then, subtracting Eq. (A20) from Eq. (A19), we can write

which implies that

_
90; 96),-

(A19)

(A20)

(A21)

(A22)

This formula can be used in turn to derive an expression for D. First,
we recall Eq. (A14) and write

90;

This implies that

(A23)

(A24)

Next, we consider the partial derivative of (Ca)r with respect to
9, where a does not depend on 9. First, we recall Eqs. (A16) and
(A18) and write

=DT
i(Cd)T (A25)

which implies that

-Dl(Ca) = -DT(Ca) (A26)

39 = DTac (A27)

can be derived in a similar manner.
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